Abstract-In this work, we estimate a model of the vertical dynamics of a quadcopter and explain how this model can be used for mass estimation and diagnosis of system changes. First, a standard thrust model describing the relation between the calculated control signals of the rotors and the thrust that is commonly used in literature is estimated. The estimation results are compared to those using a refined thrust model and it turns out that the refined model gives a significant improvement. The combination of a nonlinear model and closed-loop data poses some challenges and it is shown that an instrumental variables approach can be used to obtain accurate estimates. Furthermore, we show that the refined model opens up for fault detection of the quadcopter. More specifically, this model can be used for mass estimation and also for diagnosis of other parameters that might vary between and during missions.
I. INTRODUCTION
The use of small aerial vehicles and especially quadcopters has been growing rapidly in the past few years. Reasons for this include the quadcopter's relatively simple mechanical structure and its high maneuverability. A standard quadcopter has four symmetrically placed propellers with fixed pitch that are arranged in counter-rotating pairs. The rotors generate a vertical thrust and three torques corresponding to the three rotation axes, which allows the quadcopter to perform quick and complex maneuvers. Another reason for the popularity of the quadcopter is its ability to carry a variety of payloads, which allows it to perform different tasks.
Recent technological developments in sensors, batteries and microcomputers/microcontrollers allow for autonomous flight using quadcopters at a reasonable cost. Therefore, single and cooperating quadcopters have been used in various applications, such as surveillance, search and rescue missions [1] and exploration and mapping of 3D environments [2] , [3] .
A quadcopter is a inherently unstable and underactuated system [4] , which makes manual control very difficult. This is handled using an on-board controller that stabilizes the quadcopter. The performance of the controller depends heavily on the quadcopter's state and its surrounding environments, such as the attitude, altitude and so on; therefore, the sensing system is an important research topic [5] . However, adding more on-board sensors, such as a global positioning system (GPS) device or camera, increases the weight of the payload and reduces the maneuverability, and may even cause the quadcopter to crash. It can therefore be interesting 1 Division of Automatic Control, Department of Electrical Engineering, Linköping University, SE-58183 Linköping, Sweden. Email: {du.ho.duc, jonas.linder, gustaf.hendeby, martin.enqvist}@liu.se to monitor the payload, to allow the quadcopter to land safely if needed.
Moreover, various types of more challenging flight scenarios have been reported in recent years, e.g., aggressive flight maneuvers, such as spins and flips [6] and dancing in the air [7] . During these aggressive flights, the quadcopters are affected by various aerodynamic effects, such as blade flapping [8] and thrust variation [9] due to changes in the induced velocities. Hence, performing extreme maneuvers result in high power consumption peaks and overall high power consumption, which drains the battery capacity rapidly. The impacts of aerodynamics and battery lifetime need to be taken into consideration in the design of the electronic control unit (ECU). In particular, any change in the thrust generation has to be detected and compensated for. More precisely, to allow autonomous aerial vehicles to deal with unexpected incidents, it is necessary to detect changes/faults in the system before they lead to a complete system breakdown [10] . Therefore, it is for example necessary to track the parameter changes in the thrust model, which reflect actuator lock and other potential actuator problems [11] .
In [12] , a drag-force enhanced dynamic model is used to detect changes in the mass of the quadcopter. This model includes the flapping effect, which describes how the propeller interacts with the air. The approach only focuses on horizontal flight, which can occur during particular flight segments of a mission. However, a mission usually does not only contain horizontal flight between waypoints with constant altitude, but also segments of vertical flight with stationary attitude. During these segments of maneuver, system identification algorithms could be applied to estimate approximately the physical parameters of the quadcopter [13] , [14] . Therefore, this work extends the previous work in [12] for the latter case. Firstly, a refined version of the standard lumped parameters model for the propeller aerodynamic of the quadcopter is derived. Furthermore, the standard model and a refined model of the thrust are compared. The parameters of the two models are estimated based on the collected data using low-cost on-board sensors. This limited sensor setup complicates the estimation problem compared to the work of [15] where several additional sensors such as motor angular speed sensors are available. Finally, the possibilities to perform battery and weight diagnosis by detecting changes in the parameters of the model are investigated.
The paper outline is as follows. In Sec. II, the refined aerodynamic model describing the relation between the calculated control signal and the thrust of the quadcopter is presented, and one standard and one refined vertical model are formulated. The experimental parameter estimation results of the standard and refined models are presented in Sec. III. Sec. IV describes the mass change detection using both models and a comparison with previous work. The discussion about diagnosis of the quadcopter is given in Sec. V, and Sec. VI concludes the paper.
II. MODELING
In this section, the mathematical equation of the translational model of a quadcopter is presented and a subsystem is considered for estimation purposes.
A. Quadcopter dynamics
Consider a quadcopter as in Fig. 1 The relation between the translational velocities in the body-fixed frame and those in the inertial frame is described by the rotation matrix
where S x = sin x and C x = cos x. The quadcopter is assumed to be a rigid body and thus the Newton-Euler equations can be used to describe its dynamics. In the body-fixed frame, the translational motion equation of the quadcopter is given by
where m is the mass of the quadcopter and the other variables and constants are explained in Table I . Projecting (2) onto the z b axis yieldṡ 
The inertial measurement unit (IMU) consists of an accelerometer and a gyroscope which measure the linear accelerations and the angular velocities in three dimensions in a sensor-fixed frame. The sensor-fixed coordinate frame is assumed to coincide with the body-fixed frame except for a 180 • rotation around the x b axis and the vertical acceleration measurement is
The quadcopter has fixed-pitch propellers and the motors are assumed to produce the force
where
The standard model of the thrust produced by the i th propeller is given by
, where ω i is the angular speed of the i th propeller and k ω is a positive constant. A better dynamic model that more accurately explains the underlying physics using bladeelement momentum theory is given in [15] , [16] and is described by
where c 1 and c 2 are positive constants which depend on the propeller's structure. The advance ratio and inflow ratio are
and
respectively, where R is the radius of the propeller, V hi and V zi are the horizontal and vertical velocities of the i th rotor in the body-fixed frame, and v hi and v zi are the horizontal and vertical induced velocities of the air stream through the i th rotor, respectively. During vertical flight maneuvers, the quadcopter is controlled to fly vertically with zero roll and pitch angles. It is assumed that the horizontal speed V hi ≈ 0 and that the horizontal induced velocity v hi ≈ 0 while the vertical speeds are assumed to be constant. This implies that the force from the i th motor can be approximated by
Assuming that the dynamics of the rotors are fast enough to be neglected, the relation between the calculated control signal and the angular speed, that is associated with the ECU, is given by ω i = k c u ci . Moreover, all rotors are assumed to be identical, which implies that the vertical force is given by
where k 1 and k 2 are positive and unknown constants. In this work, we will also consider the standard thrust model given by
B. Model approximation
Combining (3), (4) and (9), and assuming small angles (cos(φ ) ≈ cos(θ ) ≈ 1), the transfer function from u in1 and u in2 to a z is given by
where p is the differential operator. The noise term e a z might be colored and correlated to the inputs u in1 and u in2 due to the closed-loop control. The model is discretized using the bilinear transformation p =
where v t is noise, q is the forward shift operator and T s is the sampling time. The discrete time model can now be rewritten in a regression form as
During the mission of the quadcopter, any changes of the battery's state of charge and the vertical aerodynamic drag are reflected via the parameters
T . An estimate of ϑ c can be obtained from the estimate of the discrete-time
The estimated covariance ofθ c can be derived by using Gauss approximation formula [13] and is given by
III. ESTIMATION OF THE VERTICAL MODEL A. Least-squares estimation
The parameters of the discrete-time model (12) can be estimated using the least squares (LS) method as given bŷ which has the analytical solution
The estimated covariance matrix of the estimated parameters is given by
whereσ is the estimated standard deviation of the residual.
B. Instrumental variable method
As mentioned in the Sec. II, the noise in the vertical model (12) might be colored and correlated with the inputs due to the closed-loop control. To overcome this difficulty, the instrumental variable (IV) method is used to estimate the parameters of (10). It is based on the use of an instrument vector ξ (t) to extract the interesting information from u in1 , u in2 , and a z .
In this paper, an extended IV method is used, where an estimate of the parameter vector ϑ is obtained by solvinĝ
where x 2 Q = x T Qx, Q ≥ 0 is a weighting matrix and L(q) is a stable prefilter.
In principle, the instruments ξ (t) are created as
in whichû 0 in1 ,û 0 in2 (t) andâ 0 z (t) are the simulated inputs and output, respectively. These simulated signals are created using the reference signal δ (t) aŝ
whereĜ δ ui (q,θ ) andĜ δ az (q,θ ) are estimated transfer functions from δ (t) to u in1 (t), u in2 (t) and a z (t), respectively. This is illustrated in Fig. 2 . However, since the true controller and the system are unknown, high-order black-box models are used to estimate these transfer functions to make sure that these models can capture the essential parts of the system dynamics. Another important issue in the IV method is to choose the prefilter L(q) which has a considerable effect on the covariance of the estimated parameters [13] . If the true noise model structure is known, the covariance of the estimate can be minimized. More precisely, several choices of the prefilter are given in [17] , which gives the optimal instruments and approximate optimal instruments for a closed-loop system. In this work, an ARMA noise model is estimated using the residual v t as the output and the inverse of the estimated noise model is used as the prefilter L(q). Furthermore, the estimated covariance matrix P iv is given by
andσ is the estimated standard deviation of the residual. The IV algorithm implemented in this paper is similar to the one in [18] .
C. Experimental result
Several experiments with vertical flight maneuvers have been carried out with an AR Drone quadcopter shown in Fig. 3 . The IMU measurements and calculated rotor control signals are streamed wirelessly from AR Drone to a ground computer via Wi-Fi connection. This ground computer sent the pilot command to control the quadcopter to perform a vertical flight with increasing/decreasing altitude, zero roll/pitch and constant yaw angles. All maneuvers are carried out indoors in order to reduce the effect of the turbulence to the quadcopter's states. In detail, the first seconds of vertical acceleration measurements are used to estimate the bias of the IMU when the AR Drone is stationary. In total nine datasets have been collected, three datasets each for the nominal mass 455 g, the mass 530 g, and 586 g. Fig. 4 shows a typical dataset collected in a particular experiment. In the figure, the bias estimates are already subtracted from the measurements.
For each mass case, three datasets have been used simultaneously to estimate the parameters of the standard or refined models. Tables II and III show the results using the LS and IV methods for two models, respectively. In detail, for the standard model in Table II , both methods give highly uncertain parameter estimates.
The estimated parameters with standard deviations of the refined model are shown in Table III . The LS method still gives very large estimated standard deviations that indicates that the parameter values are unreliable. On the other hand, the IV estimates vary less between the datasets and the variations seem to match the estimated standard deviations. Hence, the IV method seems like a promising approach to estimate the parameters of the refined model in this closedloop setup. Fig. 5 shows the simulated vertical acceleration using the estimates of the standard and refined models obtained from the IV method for one typical validation dataset. The estimated parameters ϑ = [α, β 1 , β 2 , β 3 ] T obtained from the third set of data (586 g) are used to computed the coefficients of the discrete-time model associated to the first set of data (455 g), taking into account the mass difference. According to Fig. 5 , the refined model (57.10% model fit) gives a more accurate estimate of the vertical dynamics of the quadcopter than the standard model (33.30% model fit). Note that the result is selected among the best for both models using only one dataset. More detailed results can be seen in Table  IV where the value in each row in the third or fourth columns shows the average of the fitting percentages for three validation datasets m val . It is clear that the refined model can capture the dynamics of the quadcopter better in all cases compared to the standard model. 
IV. MASS ESTIMATION

A. Using the vertical dynamic model
If a model has been estimated from a reference dataset where the mass is known, the system identification approach from the previous section can be used to monitor changes in the mass. Table V shows the estimates of the masses using both the standard and refined models. In fact, six mass estimation setups are obtained using three datasets corresponding to three different masses of the quadcopter. For each combination, a mass estimate m c could be obtained , respectively. Performing similar calculations for the ratios α and β 2 gives three mass estimates. These mass estimates will be averaged to achieve a combined mass estimate. As Table V shows, the refined model provides more accurate mass estimates than the standard model in all combinations.
B. Comparison with the horizontal dynamic model
An alternative approach to estimation of the mass change of a quadcopter is to use a lateral dynamic model. During a flight mission, there could be intervals where the quadcopter's movements are either dominantly horizontal or vertical. Hence, it could be interesting to be able to estimate the mass from both horizontal and vertical excitations. In [12] , an estimator has been designed to estimate the change of the mass of the quadcopter from horizontal movements. It is shown that the mass estimate error is about 8 g for all different experimental mass setups. Moreover, it can be seen from Table V that the use of the estimator based on the refined vertical model provides an estimate with similar accuracy. Hence, these two estimators could be used in combination to estimate changes in the mass of the quadcopter during a large part of the flight maneuver.
V. DIAGNOSIS AND DISCUSSION
Any fault representing malfunctioning of a component of the quadcopter, for example as a result a locked actuator, affects the performance of the overall system. The fault has to be estimated using fault detection and isolation (FDI) and then fault tolerant control (FTC) can be used to retain the quadcopter's maneuverability. In particular, with respect to the refined model, there are three different fault/change scenarios that could be investigated as shown in Table VI and as described as follows:
• The first fault/change scenario may be the decrease of the battery voltage. In detail, the thrust coefficients k 1 and k 2 depend on the battery characteristics. The longer the flight time is, the more the battery state of charge decreases, which will result in a decrease of the ratios m . On the other hand, the drag ratio k w m will typically not be affected. An estimator could then be designed to monitor the state of the battery to alert the quadcopter to land automatically before the battery is completely drained.
• If the quadcopter carries objects with significant size between different waypoints, the dynamic model of the quadcopter might be changed. One possibility is that the two ratios varies. This should also be possible to detect and the controller can then use the knowledge of the parameter change to adapt the overall system's behavior.
• It can be seen that all three ratios Hence, mass changes during and between missions should be possible to detect. It is also possible to consider combinations of the scenarios mentioned above. In this case, it might be necessary to combine several approaches, e.g., the vertical modeling approach presented here and the horizontal modeling approach from [12] .
VI. CONCLUSIONS
In this work, we have dealt with the aerodynamic modeling problem in terms of the vertical dynamics of a quadcopter. It has been shown that a model based on a refined thrust equation can capture the system dynamics better than a standard model and that the model parameters can be estimated accurately from experimental closed-loop data using an IV approach. Furthermore, we have discussed how this system identification approach can be used to monitor changes in the mass of the quadcopter and the possibilities to detect also other faults or changes in the system. Future work includes further development of the diagnosis functionality outlined here, the combination of several modeling approaches and the extension of the current framework to fixed-wing UAVs.
